The main difficulties in anisotropic velocity analysis and inversion using surface seismic data are associated with the multiparameter nature of the problem and inherent trade-offs between the model parameters. For the most common anisotropic model, transverse isotropy with a vertical symmetry axis (VTI media), P-wave kinematic signatures are controlled by the vertical velocity V 0 and the anisotropic parameters and δ. However, only two combinations of these parameters-NMO velocity from a horizontal reflector V nmo (0) and the anellipticity coefficient η-can be determined from P-wave reflection traveltimes if the medium above the reflector is laterally homogeneous. While V nmo (0) and η are sufficient for time-domain imaging in VTI media, they cannot be used to resolve the vertical velocity and build velocity models needed for depth migration.
INTRODUCTION
This paper discusses the influence of lateral heterogeneity (in the form of dipping interfaces along the raypath) on the results of parameter estimation for transversely isotropic media with a vertical axis of symmetry (VTI). To constrain the anisotropic velocity model using surface data, it is beneficial to record reflected rays spanning a wide range of propagation directions (e.g., Alkhalifah and Tsvankin, 1995; Tsvankin and Thomsen, 1995) . Angle coverage of reflection data can be increased by processing dipping events or long-offset data from horizontal interfaces. Wide-angle recording, however, implies that the rays cover a relatively large subsurface area and may be influenced by lateral heterogeneity in the form of either smooth velocity variations or dip and irregular shape of intermediate interfaces. In general, lateral heterogeneity may significantly complicate the inversion process by introducing additional trade-offs between the model parameters. (Note that the problem of separating the contribution of lateral velocity variation to reflection traveltimes from that of the shape of interfaces is known to be quite involved even for isotropic media; see Goldin, 1986 .) It turns out, however, that as long as the subsurface structure and the velocity model remain relatively simple, lateral heterogeneity can actually help in constraining the parameters which are impossible to obtain in similar models with a homogeneous or horizontally layered overburden. This point is illustrated here for a two-layer VTI medium with a dipping intermediate interface.
Parameter estimation in transversely isotropic media has attracted considerable attention in the literature in the past several years (e.g., Bube and Meadows, 1997; Bartel et al., 1998; Grechka and Tsvankin, 1998; Le Stunff and Grenié, 1998; Le Stunff and Jeannot, 1998; Sexton and Williamson, 1998) . One of the common conclusions that can be drawn from these publications is that surface P-wave reflection data in VTI media are inherently insufficient to constrain the vertical velocity and reflector depth. Analytic support for this result is provided by the work of Alkhalifah and Tsvankin (1995) , who showed that P-wave reflection traveltimes are fully controlled by only two parameters-the NMO velocity from a horizontal reflector V nmo (0) and the anellipticity coefficient η:
Here, V 0 is the P-wave vertical velocity, and and δ are Thomsen's (1986) anisotropy parameters; V 0 , , and δ fully control P-wave kinematic signatures in VTI media (Tsvankin, 1996) . Since the vertical velocity contributes to V nmo (0) [equation (1)] only in combination with δ, it seems that P-wave traveltime data cannot be used to resolve V 0 and determine the depth scale in VTI media. Therefore, one has to rely on additional information (e.g., borehole data or shear waves) in building anisotropic velocity models for prestack and poststack depth migration. The Alkhalifah-Tsvankin (1995) result, however, was derived for laterally homogeneous VTI media above a dipping reflector. The presence of lateral heterogeneity in the subsurface may, in principle, cause dependence of P-wave reflection traveltimes on the individual values of V 0 , , and δ. Such a dependence was indeed observed by Alkhalifah et al. (1998) , who commented, however, that the dependence was rather weak for the models they tested. Grechka and Tsvankin (1999) developed a general methodology for obtaining NMO velocities in laterally heterogeneous media and used it to demonstrate that P-wave NMO velocities from reflectors beneath layered VTI media with nonhorizontal intermediate interfaces may contain information about the layers' thicknesses. They emphasized that the dip of intermediate interfaces makes the P-wave reflection data dependent on all three Thomsen parameters (V 0 , , and δ). Hence, an important practical issue is whether for a certain class of laterally heterogeneous VTI models the parameters V 0 , , and δ can be determined unambiguously from surface P-wave data.
Without attempting to answer this question in full generality, we present a successful synthetic example of P-wave reflection tomography in a layered VTI model with a curved intermediate interface. Our results prove that P-wave reflection traveltimes in some piecewise homogeneous VTI models can indeed be inverted for the parameters V 0 , , and δ, along with the depths and dips of the reflecting interfaces. We begin with a description of our numerical test and then give an analytic explanation of the results using the theory of Grechka and Tsvankin (1999) .
TOMOGRAPHIC INVERSION FOR A TWO-LAYER MODEL
The model chosen for tomographic parameter estimation is shown in Figure 1 . It contains two homogeneous layers (VTI and isotropic) separated by a curved interface. The traveltimes of P-waves reflected from both interfaces were calculated by ray tracing; the acquisition parameters are listed in Table 1 .
We added Gaussian noise with zero mean and a standard deviation of 2.5 ms to the traveltimes to simulate picking errors and applied a tomographic algorithm (e.g., Stork and Clayton, 1985; Kaculini and Guiziou, 1992) to perform traveltime inversion. The initial model was purely isotropic with the parameters estimated from conventional time-to-depth conversion using the NMO velocities and zero-offset traveltimes. The tomographic procedure updates the model to minimize the misfit between the input and computed traveltimes using a linearized least-squares algorithm (Tarantola, 1987) . We constrained the inversion assuming that 1) the model consists of two homogeneous layers, 2) the bottom layer is isotropic, and 3) the bottom reflector is horizontal.
The intermediate interface was parameterized by a B-spline with 12 nodes (one node per every 40 common midpoints). The model parameters include the vertical velocity V t (t stands for "top") and the coefficients t and δ t in the VTI layer, the velocity V b (b stands for "bottom") in the isotropic layer, the depth Z r of the horizontal reflector, and the spline coefficients responsible for the shape and position of the intermediate interface.
At each iteration all parameters were updated simultaneously. As shown in Figure 2 , the algorithm successfully converges toward the correct solution after only a few iterations. Note that since we determined both velocities V t and V b , we can reconstruct the actual depths and dips of both interfaces. Clearly, in this example P-wave reflection traveltimes provide enough information for building a model in the depth domain.
The results of our tomographic experiment may seem to contradict the theory of Alkhalifah and Tsvankin (1995) , as well as the conclusions of some recent publications cited above. For instance, Bube and Meadows (1997) state that in TI media "· · · the well-known velocity-depth ambiguity cannot be separated as it can be done in the isotropic case." Indeed, velocity-depth ambiguity in our model cannot be overcome using the reflection from the intermediate interface that yields only the parameters V nmo,t (0) and η t in the VTI layer [see equations (1) and (2)] (Alkhalifah and Tsvankin, 1995) . Including the reflection from the bottom interface near the right edge of the model where both interfaces are horizontal (Figure 1 ), one can also determine the velocity V b in the isotropic layer from the conventional Dix (1955) equation. The quantities V nmo,t (0) and η t , however, provide sufficient information only for time processing and do not constrain the thickness of the VTI layer.
Below, we show that the success of the tomographic inversion procedure was ensured by the traveltimes from the bottom reflector near the left edge of the model, where the intermediate interface is dipping. This dip causes the dependence of P-wave moveout on all four relevant parameters (V t , V b , t , and δ t ), thus constraining the depth scale of the model. The residuals at the fourth and fifth iterations are equal to the standard deviation of the noise (2.5 ms) added to the data.
ANALYTIC EXPLANATION OF THE INVERSION RESULTS

Slopes of the zero-offset reflections
In the dip-moveout (DMO) inversion algorithm of Alkhalifah and Tsvankin (1995) , the slopes of reflection events are supposed to be determined from the zero-offset time section and used as the arguments of the NMO-velocity function. As mentioned above, the DMO inversion in the VTI layer yields the values of the zero-dip NMO velocity V nmo,t (0) and η t but not the true vertical velocity. The dip of the intermediate interface, however, also creates a dependence of the slope of the bottom reflection ( p b ) on the parameters of the top (VTI) layer.
As shown in Appendix A, the value of p combined with the slope p t of the reflection from the intermediate dipping interface (Figure 3a) can be used to infer the vertical velocity V t . Under the assumption of weak anisotropy and mild dip of the intermediate interface, the relation between the two slopes is given by [equation (A-6)]
Since the velocity V b in the isotropic layer can be obtained using the Dix differentiation near the right edge of the model (see above), equation (3) 
NMO velocity from the bottom reflector
Although, as discussed above, the zero-offset reflection slopes are already sufficient for resolving the vertical velocity in the VTI layer using reflection tomography for the whole model, here we show that additional information about V t is provided by the NMO velocity of the bottom reflection event on the left-hand side of the model. As before, we assume that the zero-dip NMO velocity V nmo,t (0) and η t were determined using the data from the right-hand side of the model and the NMO velocity V nmo,t ( p t ) from the intermediate interface (dashed line in Figure 3b) . Then, as follows from the work of Grechka and Tsvankin (1999) , the NMO velocity V nmo,b ( p b ) from the bottom horizontal reflector on the left-hand side of the model (solid line in Figure 3b ) can be inverted for the coefficient δ t and the vertical velocity V t in the VTI layer. Two results of Grechka and Tsvankin (1999) applicable to our problem can be briefly summarized as follows. 1) Normal-moveout velocity of any pure-mode reflection plotted from the common midpoint along all possible directions of CMP lines in 3-D space forms a quadratic NMO-velocity surface, which usually is either a onesheeted hyperboloid, or a cylinder, or an ellipsoid. If the medium at the common midpoint is locally homogeneous, the surface has to be a cylinder with the axis parallel to the zero-offset ray at the CMP location.
2) Dix-type averaging and differentiation procedures in piecewise homogeneous media are applicable to the cross-sections of the NMO-velocity cylinders by intermediate interfaces.
Here, we discuss a 2-D version of Grechka-Tsvankin's (1999) Dix-type averaging procedure that is adequate for our test model (Figure 1 ). Since both layers are homogeneous and the model is two-dimensional, the NMO-velocity surfaces of all reflections are cylinders with the axes confined to the vertical incidence plane. Cross-sections of these cylinders by the interfaces will represent ellipses (or circles in special cases) with the axes in the incidence plane and orthogonal to it. Since in our tomographic experiment we did not measure traveltimes outside the incidence plane, we apply the averaging scheme of Grechka and Tsvankin just to the in-plane axes of the cross-sections. Grechka and Tsvankin (1999) , these axes have to be averaged according to the Dix (1955) 
where τ b and τ t are the zero-offset traveltimes in the bottom and top layers (Figures 4a and 4b ). V cyl,eff is the effective NMO velocity in the direction parallel to the intermediate interface (gray line in Figure 4c ). Finally, the NMO velocity V nmo,b ( p b ) ( Figure 4d ) on a surface CMP line is found by projecting V cyl,eff along the axes of the NMO-velocity cylinder (dashed lines in Figure 4d ) onto the horizontal plane. The result of this averaging operation can be written as (Appendix B) Next, we analyze equation (5) to show that the NMO velocity V nmo,b ( p b ) depends on δ t for given values of V nmo,t (0) and η t . Note that the normal-moveout velocity V nmo,t ( p b ) in the numerator of the second term is a function of just p b , η t , and V nmo,t (0) with no separate dependence on δ t (Alkhalifah and Tsvankin, 1995) . In contrast, δ t does contribute to the numerator of the first term through the product q tan φ. The simplest way to demonstrate that q b tan φ is indeed a function of δ t is to obtain its approximation in the weak-anisotropy limit [equation (B-8) in Appendix B]:
It can be shown that δ t also influences the ratio of the traveltimes in the two layers (τ t /τ b ). This ratio, unlike the term q b tan φ, changes with the CMP coordinate X CMP , which makes V nmo,b ( p b ) from equation (5) a laterally varying function as well (Figure 3b) . From the structure of equation (5) and the fact that q b tan φ is not a function of X CMP , it is clear that the dependence of q b tan φ on δ t cannot be compensated by the traveltime ratio τ t /τ b for all CMP locations.
We conclude that the NMO velocity of the bottom event V nmo,b ( p b ) as a whole depends on the anisotropic parameter δ t in addition to V nmo,t (0) and η t . According to equation (5), our ability to invert V nmo,b ( p b ) for the parameter δ t and, consequently, for the depth of the intermediate interface is tied to the interface dip φ. The greater the dip, the better δ t and the vertical velocity V t are constrained by the reflection traveltimes. If the intermediate interface is horizontal, V nmo,b ( p b = 0) is completely independent of δ t because q b tan φ = 0.
Inversion on the left-hand side of the model
Our analytic results show that the presence of the dipping intermediate interface plays a crucial role in constraining the vertical velocity V t in the VTI layer. In the discussion above, however, we assumed that the velocities V nmo,t (0) and V b were obtained from moveout analysis on the right-hand side of the model (Figure 1) . Below, we demonstrate that this assumption is in fact unnecessary, and it is possible to find all VTI parameters using only the traveltimes near the left edge of the model.
Neglecting the curvature of the intermediate interface, the left-hand side of the model can be fully described by the following seven parameters: the dip φ and the depth Z i (e.g., at the zero CMP coordinate X CMP = 0) of the intermediate interface; the depth Z r of the horizontal reflector; the parameters V t , t , and δ t which control P-wave kinematics in the VTI layer; and the velocity V b in the bottom isotropic layer. As indicated by Figure 3 , surface data may contain enough information to resolve all these parameters. The zero-offset traveltimes in Figure 3a are linear functions of the CMP coordinate X CMP and therefore provide a total of four constraints (i.e., four equations for the unknown parameters). The NMO velocity V nmo,t ( p t ) from the dipping interface (Figure 3b ) does not depend on X CMP , thus adding one more equation. Two more equations come from the NMO velocity V nmo,b ( p b ) of the bottom event (Figure 3b ) that depends almost linearly on X CMP .
Thus, the traveltime data on the left-hand side of the model yield seven nonlinear equations for seven unknown parameters. We have solved these equations by the simplex method and have obtained accurate estimates of the model parameters close to those determined from reflection tomography (Figure 2 ).
DISCUSSION AND CONCLUSIONS
Lateral heterogeneity is commonly perceived as one of the main hindrances in velocity analysis and parameter estimation, especially if the medium is anisotropic. Therefore, it is not surprising that parameter estimation in VTI media has been largely based on the theory by Alkhalifah and Tsvankin (1995) developed for laterally homogeneous overburden above a horizontal or dipping reflector. The results of Alkhalifah and Tsvankin (1995) clearly show that P-wave reflection traveltimes and time imaging in such a model are fully controlled by the vertical traveltime and just two parameters-the zero-dip NMO velocity V nmo (0) and the anisotropic coefficient η. While the extension of time-domain velocity analysis and imaging to VTI media produced a number of impressive results (such as superior imaging of dipping reflectors), the problem of building anisotropic models for depth imaging without using additional information (e.g., borehole data or PS-waves) remained unresolved.
This work demonstrates that for certain types of laterally heterogeneous VTI media it may be feasible to invert P-wave moveout for all three relevant Thomsen parameters (the vertical velocity V 0 and the anisotropic coefficients and δ) and therby to find the depth-dependent velocity field. Our model included a VTI layer with a curved lower boundary overlying a purely isotropic layer. Analytic expressions for the reflection slopes and NMO velocities show that the information about the vertical velocity and thickness of the VTI layer was contained in the reflection event transmitted through the dipping intermediate interface.
Although we succeeded in using reflection tomography for depth-domain parameter estimation in a two-layer VTI model and corroborated the obtained results theoretically, the unique solution may no longer exist if the model is more complicated. For instance, if the bottom layer becomes anisotropic (VTI), the traveltimes on the left-hand side of the model are no longer sufficient for recovering the vertical velocities. Indeed, the number of available equations remains the same (seven), but the number of unknowns increases as a result of the addition of the anisotropic coefficients in the bottom layer. Evidently, while the dip of intermediate interfaces and possibly some other relatively simple types of lateral heterogeneity may be helpful in anisotropic velocity analysis, the range of laterally heterogeneous VTI models susceptible to the unambiguous tomographic inversion of reflection traveltimes should be rather restricted. A systematic analysis of P-wave moveout inversion for layered VTI media with planar and irregular interfaces will be given in our sequel publications. 
APPENDIX B NMO VELOCITY FROM THE BOTTOM REFLECTOR
The P-wave NMO velocity V nmo,b for the bottom reflection event (Figure 4 ) can be found using the general formalism developed by Grechka and Tsvankin (1999) . As discussed in the main text, the Dix-type expressions of Grechka and Tsvankin operate with the (elliptical) cross-sections of NMO-velocity cylinders by the model interfaces. In our 2-D problem, we will need to obtain only the in-plane axes of these cross-sections (i.e., the axes confined to the vertical incidence plane).
First, we have to find the velocities V cyl,b and V cyl,t (gray lines in Figures 4a and 4b) , which correspond to the cross-sections of the interval NMO cylinders by the intermediate interface.
The NMO-velocity cylinder in the bottom layer (dashed lines in Figure 4a ) is circular with the axis parallel to the vertical segment of the zero-offset ray. The radius of the circle at the bottom of the NMO-velocity cylinder is simply equal to the velocity V b because the bottom layer is isotropic. As illustrated by Figure 4a , the cross-section V cyl,b of the cylinder by the intermediate interface is given by
(B-1) Equation (B-1) is the familiar expression for the dipcomponent of NMO velocity in isotropic media. The axis of the NMO-velocity cylinder in the VTI layer is parallel to the group velocity vector (i.e., to the zero-offset ray; see Figure 4b ). The angle ψ between the zero-offset ray and vertical can be written as (Grechka et al., 1999) tan ψ = − dq b dp b ≡ −q b , (B-2) where p b and q b are the horizontal and vertical slowness components of the zero-offset ray in the VTI layer. The quantity V nmo,t ( p b ) in Figure 4b corresponds to the dip component of the NMO velocity from a dipping reflector (nonexistent in our model) orthogonal to the slowness vector { p b , q b }. V nmo,t ( p b ) has to be projected onto the intermediate dipping interface along the axes of the NMO-velocity cylinder (dashed lines in Figure 4b ). This projection, denoted by V cyl,t , can be determined from the law of sines:
. 
